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1. Introduction
Orthogonal polynomials with respect to a differential operator were introduced in [1] as a
generalization of the notion of orthogonal polynomials. Analytic and algebraic properties of these
classes of polynomials have been considered for some classes of first order differential operators
in [2,11], for a Jacobi differential operator in [4], and for differential operators of arbitrary
order with polynomials coefficients in [3]. In this paper, we consider orthogonal polynomials
with respect to a Laguerre or Hermite operator and a positive Borel measure µ with unbounded
support on R.
We denote by LL the Laguerre and by LH the Hermite differential operators on the linear
space P of all polynomials, i.e. for all f ∈ P and α > −1
LL [ f ] = x f ′′ + (1+ α − x) f ′ = x−α ex

xα+1 e−x f ′
′
, (1)
LH [ f ] = 12 f
′′ − x f ′ = 1
2
ex
2

e−x2 f ′
′
. (2)
Each one of these second order differential operators has a system of monic polynomials
which are eigenfunctions of the operator and orthogonal with respect to a measure. Let {Lαn }∞n=0
be the monic Laguerre polynomials with α > −1 and {Hn}∞n=0 the monic Hermite polynomials,
then
⟨Lαn , Lαm⟩L =

Lαn (x)L
α
m(x)dw
α
L(x)
= 0 if n ≠ m,
≠ 0 if n = m,
⟨Hn, Hm⟩H =

Hn(x)Hm(x)dwH (x)
= 0 if n ≠ m,
≠ 0 if n = m,
where dwαL(x) = xα e−x dx and dwH (x) = e−x
2
dx . In addition,
LL [Lαn ] = −nLαn and LH [Hn] = −nHn . (3)
To unify the approach, we will denote by L the Laguerre or Hermite differential operator (LL
or LH ) in the sequel, by dw the Laguerre or Hermite measure (dwαL or dwH ), by Ln the nth
Laguerre or Hermite monic orthogonal polynomial (Lαn or Hn) and by ∆ the set R+ or R, re-
spectively. We will refer to one or the other depending on the case we are solving.
Let µ be a finite positive Borel measure, supported on ∆ and {Pn}∞n=0 the corresponding
system of monic orthogonal polynomials, i.e.
⟨Pn, Pk⟩µ =

Pn(x)Pk(x)dµ(x)
≠ 0 if n = k,
= 0 if n ≠ k. (4)
We say that Qn is the nth monic orthogonal polynomial with respect to the pair (L, µ) if Qn
has degree n and
L[Qn](x) xkdµ(x) = 0 for all 0 ≤ k ≤ n − 1, (5)
or, equivalently,
L[Qn] = λn Pn, (6)
where λn = −n.
2
It was shown in [4, Section 2] that it is not always possible to guarantee the existence of a
system of polynomials {Qn}n∈Z+ orthogonal with respect to the pair (L(α,β), µ), where L(α,β)
is the Jacobi differential operator and µ an arbitrary positive finite Borel measure. As will be
shown later (cf. Propositions 1 and 2), a similar situation occurs for the case of Laguerre and
Hermite operators. Let m ∈ N be fixed, a fundamental role in the existence of infinite sequences
of polynomials {Qn}n>m orthogonal with respect to the pair (L, µ) is played by the class Pm(∆)
defined as the family of finite positive Borel measures µ supported on∆ for which there exists a
polynomial ρ of degree m, such that µ = (ρ)−1 w.
If µ ∈ Pm(∆) it is not difficult to see that if n > m, then
Pn(z) =
m
k=0
bn,n−k Ln−k(z), bn,n−k = 1
τn−k

Pn(x)Ln−k(x)dw(x), (7)
τn = ∥Ln∥2w =

L2n(x)dw(x) =

n! Γ (n + α + 1), µ ∈ Pm(R+),
n!√π2−n, µ ∈ Pm(R), (8)
and from (6) we obtain that the monic polynomial of degree n, for n > m defined by the formula
Qn(z) = m
k=0
λn
λn−k
bn,n−k Ln−k(z), (9)
is orthogonal with respect to (L, µ).
Notice that from the equivalence between relations (5) and (6), the polynomial Qn+c, c ∈ C,
is orthogonal with respect to (L, µ) so that we do not have a unique monic orthogonal polynomial
of degree n. We had a similar situation when we studied the orthogonality with respect to a
Jacobi operator. A natural way to define a unique sequence would be to consider a sequence
of complex numbers {ζn}∞n=m+1, and define the sequence {Qn}∞n=m+1 satisfying (5), as the
polynomial solution of the initial value problemL[y] = λn Pn, n > m,
y(ζn) = 0. (10)
We say that {Qn}∞n=m+1 is the sequence of monic orthogonal polynomials with respect to the pair
(L, µ) such that Qn(ζn) = 0.
Notice that the initial value problem (10) has the unique polynomial solution
y(z) = Qn(z) = Qn(z)− Qn(ζn). (11)
In this paper, we study some analytic and algebraic properties of the sequence of orthogonal
polynomials with respect to a Laguerre or Hermite differential operator. In order to study the
asymptotic properties of the sequence of polynomials we shall normalize them with an adequate
parameter.
Let xn be the modulus of the largest zero of the nth orthogonal polynomial with respect to
µ (or w), from [12, Lemma 11 with λ = 2] for the Hermite case and [12, Coroll. (p. 191) with
γ = 1] for the Laguerre case, we get
lim
n→∞ c
−1
n xn = 1, (12)
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where cn is usually called Mhaskar–Rakhmanov–Saff constant, here with the closed expression
cn =

4n, µ ∈ Pm(R+) or w(x) = xαe−x , x > 0,√
2n, µ ∈ Pm(R) or w(x) = e−x2 , x ∈ R. (13)
Throughout this paper we denote the functions ϕ(z) = z + √z2 − 1 and ψ(z) = 2z − 1 +
2
√
z(z − 1), where the branch of each root is selected from the condition ϕ(∞) = ∞ and
ψ(∞) = ∞, respectively. Let ∆c be the interval [0, 1] in the Laguerre case and [−1, 1] in the
Hermite case. Let Pn(z) = c−nn Pn(cnz) be the normalized monic orthogonal polynomials with
respect to a measure µ ∈ Pm(∆).
To each generic polynomial qn , let µn = n−1qn(ω)=0 δω be the normalized root counting
measure, where δω is the Dirac measure with mass 1 at the point ω. From [12, Ths. 4 & 4’] we
find that the limit distribution νw of the zero counting measure of the normalized Laguerre and
Hermite polynomials is
dνw(t) =
2π
−1

1− t
t
dt, t ∈ [0, 1] Laguerre case,
2π−1

1− t2dt, t ∈ [−1, 1] Hermite case.
From [14, Chs. III & IV] we have that
lim
n→∞ |Pn(z)|
1
n =

1
e
|ψ(z)| e2ℜ[1/ϕ(z)] µ ∈ Pm(R+),
1
2
√
e
|ϕ(z)| eℜ[z/ϕ(z)] µ ∈ Pm(R),
(14)
uniformly on compact subsets K ⊂ C \∆c.
We are interested in asymptotic properties of the normalized monic orthogonal polynomials
with respect to a pair (L, µ) defined by
Qn(z) = Qn(z)− Qn(ζn), (15)
where Qn(z) = c−nn Qn(cnz). For these polynomials we prove the following results.
Theorem 1. Let µ ∈ Pm(∆), where m ∈ N. Then:
(a) If νn, σn denote the root counting measure of Qn and Q′n respectively then νn ∗−→ νw and
σn
∗−→ νw in the weak star sense.
(b) The set of accumulation points of the zeros of
Qn∞n=m+1 is ∆c.
Theorem 2. Let m ∈ N, µ ∈ Pm(∆). Then, for every compact subset K of C \ ∆c we have
uniformly
lim
n→∞
Pn(z)Qn(z) =

1 µ ∈ Pm(R+)
1 µ ∈ Pm(R) (16)
lim
n→∞
Qn(z) 1n =

1
e
|ψ(z)| e2ℜ[1/ϕ(z)] µ ∈ Pm(R+),
1
2
√
e
|ϕ(z)| eℜ[z/ϕ(z)] µ ∈ Pm(R).
(17)
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The following result shows that the set of accumulation points of the zeros of the sequence of
normalized polynomials, orthogonal with respect to (L, µ) is contained in a curve.
Theorem 3. Let m ∈ N and µ ∈ Pm(∆). If {ζn}∞n=m+1 is a sequence of complex numbers with
limit ζ ∈ C \∆c. Then:
(a) The accumulation points of zeros of the sequence {Qn}∞n=m+1 such that Qn(ζn) = 0 are
located on the set E = E(ζ )∆c, where E(ζ ) is the curve
E(ζ ) := {z ∈ C : Ψ(z) = Ψ(ζ )}, (18)
Ψ(z) = |ψ(z)| e2ℜ[1/ϕ(z)] for µ ∈ Pm(R+), and Ψ(z) = |ϕ(z)| eℜ[z/ϕ(z)] for µ ∈ Pm(R).
(b) If d(ζ ) = infx∈∆c |ζ − x | > 2 then E = E(ζ ) and for n sufficiently large are simple.
The relative asymptotic behavior between the sequences of polynomials {Qn}n>m and
{Pn}n>m reads as
Theorem 4. Let {ζn}n>m be a sequence of complex numbers with limit ζ ∈ C \ ∆c, m ∈ N,
µ ∈ Pm(∆) and {Qn}n>m be the sequence of normalized monic orthogonal polynomials with
respect to the pair (L, µ) such that Qn(ζn) = 0, then:
1. Uniformly on compact subsets of Ω = {z ∈ C : |Ψ(z)| > |Ψ(ζ )|},
Qn(z)
Pn(z)
⇒
n→∞
1. (19)
2. Uniformly on compact subsets of Ω = {z ∈ C : |Ψ(z)| < |Ψ(ζ )|} \∆c
Qn(z)
Pn(ζn)
⇒
n→∞
−1, (20)
where Ψ is as defined in Theorem 3. If d(ζ ) > 2 then (20) holds for Ω = {z ∈ C : |Ψ(z)| <
|Ψ(ζ )|}.
The paper continues as follows. Section 2 is dedicated to the study of existence, uniqueness
and some results concerning the properties of the zeros of orthogonal polynomials with respect
to the Laguerre or Hermite operators. In Sections 3 and 4 we study the asymptotic behavior of
the polynomials Qn and Qn respectively. Finally, in Section 5 we show a fluid dynamics model
for the zeros of these polynomials.
2. The polynomial Qn
First of all, we are interested in discussing systems of polynomials such that for some m ∈ N,
for all n > m, they are solutions of (6). In order to classify those measures µ for which the
existence of such sequences of orthogonal polynomials with respect to (L, µ) can be guaranteed,
we prove a preliminary lemma.
Lemma 5. Let µ be a finite positive Borel measure with support contained on R and let n ∈ N
be fixed. Then, the differential equation (6) has a monic polynomial solution Qn of degree n,
which is unique up to an additive constant, if and only if
Pn(x)dw(x) = 0, where Pn is as (4). (21)
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Proof. Suppose that there exists a polynomial Qn of degree n, such that L[Qn] = −n Pn . Then,
integrating (1) or (2) with respect to the Laguerre measure on R+ or Hermite measure on R
respectively we have (21).
Conversely, suppose that Pn satisfies (21). Let Qn be the polynomial of degree n defined
by Qn(z) = Ln(z) + n−1k=0 an,k Lk(z), where an,0 is an arbitrary constant and an,k =
λn
λkτk

Pn(x)Lk(x)dw(x), k = 1, . . . , n − 1. From the linearity of L[·] and (3) we get that
L[Qn] = −n Pn . 
From the preceding lemma, as in [4, Coroll. 2.2], we obtain
Proposition 1. Let w be the Laguerre or Hermite measure and µ a finite positive Borel measure
on ∆, such that dµ(x) = r(x)dw(x) with r ∈ L2(w). Then, m is the smallest natural number
such that for each n > m there exists a monic polynomial Qn of degree n, unique up to an
additive constant and orthogonal with respect to (L, µ) if and only if r−1 is a polynomial of
degree m.
Proof. Suppose that m is the smallest natural number such that for each n > m there exists a
monic polynomial Qn of degree n, unique up to an additive constant and orthogonal with respect
to (L, µ). According to Lemma 5
Ln(x)
dµ(x)
r(x)
=

Ln(x)dw(x)
= 0 if n > m,
≠ 0 if n = m.
But this is equivalent to saying that 1r(x) =
m
k=0 ck Lk(x) with cm ≠ 0. The converse is
straightforward. 
It is possible to give another characterization, in terms of the quasi orthogonality concept, for
the existence of a system of polynomials such that for all n > m, for some m ∈ N, they are
solutions of (6).
Proposition 2. Let µ be a finite positive Borel measure onR and {Pn}∞n=0 the sequence of monic
orthogonal polynomials with respect to µ. Then, m is the smallest natural number such that
for each n > m there exists, except for an additive constant, a unique monic polynomial Qn ,
orthogonal with respect to the pair (L, µ), if and only if for all n > m
Pn(x) x
kdw(x) = 0, for k = 0, 1, . . . , n − m,
i.e. the polynomial Pn is quasi-orthogonal of order n − m + 1 with respect to the measure w.
Proof. Assume that m is the smallest natural number such that for each n > m there exists a
monic polynomial Qn of degree n, unique up to an additive constant and orthogonal with respect
to (L, µ). From Lemma 5 we have that (21) holds for n > m. From the three term recurrence
relation for {Pn}∞n=0
x Pn(x) = Pn+1(x)+ βn Pn(x)+ α2n Pn−1(x), n ≥ 1,
P0(x) = 1, P−1(x) = 0, αn, βn ∈ R and αn ≠ 0, (22)
thus

Pn(x)x
kdw(x) = 0 for all 0 ≤ k < n − m, (23)
which implies that the polynomial Pn is quasi-orthogonal of order n −m + 1 with respect to the
measure w (Laguerre or Hermite).
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Conversely, assume that m is the smallest natural number such that for n > m, the polynomial
Pn is quasi-orthogonal of order n − m + 1 with respect to the measure dw. Then we have that
Pn(x) = Ln(x)+
m
k=1
dn−k Ln−k(x),
which implies that for all integers n > m the polynomials Pn satisfy the condition (21). From
Lemma 5 we have that there exists a monic polynomial Qn of degree n, unique up to an additive
constant and orthogonal with respect to (L, µ), for all n > m. 
From the above proposition, we deduce in particular that the differential equation (6) has,
except for an additive constant, a unique monic polynomial solution Qn of degree n for all the
natural numbers only if Pn = Ln and dµ = dw. Hence Qn = Ln , the polynomial eigenfunctions
of L, whose properties are well known.
Let us continue by noting that the polynomials Qn and Qn (see (9) and (11)) are primitives of
the same polynomial Q′n (or Q′n) and Qn(x) xk dw(x) = 0, k = 0, 1, . . . , n − m − 1. (24)
Applying classical arguments [17], it is not difficult to prove the following result, which will
be used in the sequel.
Proposition 3. The polynomial Qn defined by (9) for all n > m, has at least (n − m) zeros and
(n − m − 1) critical points of odd multiplicity on ∆.
For m = 2 we denote by P2[R] the class of measures of the form dµ = e−x2x2+x21 dx, x1 ≠ 0 in
the Hermite case. The following proposition shows some results concerning the zeros of Qn andQ′n for measures µ ∈ P1[R+] or µ ∈ P2[R].
Proposition 4. Assume that µ ∈ P1[R+] or µ ∈ P2[R], then the zeros of Qn and Q′n are real
and simple. The critical points of Qn interlace the zeros of Pn .
Proof. 1. Laguerre case. If m = 1 and µ ∈ P1[R+] from Proposition 3 the polynomial Qn
has at least (n − 1) real zeros of odd multiplicity on R+. But, Qn is a polynomial with real
coefficients and degree n, consequently the zeros of Qn are real and simple. As Q′n = Q′n , from
Rolle’s theorem all the critical points of Qn are real, simple, and (n − 2) of them are contained
on R∗+ =]0,∞[.
Denote G(x) = xα+1 e−x Q′n(x), with α ∈ ] − 1,∞[. Notice that G is a real-valued,
continuous and differentiable function on R∗+. Suppose that there exists x ∈ R∗+ such that
G(x) = 0. As G(0) = 0 from Rolle’s Theorem there exists x ′ ∈ R∗+ such that G ′(x ′) = 0.
But, G ′(x) = xα e−xLL [Qn] = λn xα e−x Pn(x) and all the critical points of G are contained on
R∗+. Hence all the critical points of Qn belong to R∗+.
2. Hermite case. Consider now µ ∈ P2[R], that is, m = 2 and dµ(x) = e−x2x2+x21 dx , x1 ≠ 0. Using
the relations (9) and [18, 5.6.1] we have that for k > 1
Q2k(z) = L−1/2k (z2)+ kk − 1 ⟨P2k, H2k−2, ⟩H⟨H2k−2, H2k−2, ⟩H L−1/2k−1 (z2), (25)
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Q2k+1(z) = zL1/2k (z2)+ 2k + 12k − 1 ⟨P2k+1, H2k−1, ⟩H⟨H2k−1, H2k−1, ⟩H zL1/2k−1(z2).
As L−1/2n (z2), zL1/2n (z2) are the 2n and 2n + 1 monic orthogonal polynomials of degree 2n
and 2n + 1 respectively with respect to the measure dµ(x) = e−x2dx , from (25) and [18, Th.
3.3.4] we have that the zeros of Qn, n > 2 are real.
The statement that critical points of Qn interlace the zeros of Pn follows by applying Rolle’s
theorem to the functions G(x) = xα+1 e−x Q′n(x) and G(x) = e−x2 Q′n(x), for both the
Laguerre and Hermite cases. 
We conjecture that Proposition 4 is still valid for any measure in the class Pm(∆), m > 1, for
the Laguerre case or m > 2, m even, for the Hermite case.
Finally, we find asymptotic bounds for the coefficients bn,n−k that define the polynomial Qn .
Proposition 5. Let m ∈ N and µ ∈ Pm(∆). Then for n large enough, there exist constants C Lρ
and C Hρ such that
|bn,n−k | = |⟨Pn, Ln−k⟩w|∥Ln−k∥2w
<

C Lρ n
k Laguerre case,
C Hρ

nk Hermite case,
for k = 1, . . . ,m.
Proof. Let ρ(x) =mj=1 ρ j x j and ρ+ = max0≤ j≤m |ρ j |. From the Cauchy–Schwarz inequality
we have
|bn,n−k | ≤ ∥Pn∥µ∥Ln−k∥2w
⟨ρLn−k, Ln−k⟩w ≤ |ρLn−m |µ|ρm | ∥Ln−k∥2w
⟨ρLn−k, Ln−k⟩w
≤ ρ+|ρm | ∥Ln−k∥2w
 m
j=0
⟨x j , L2n−m⟩w
 m
j=0
⟨x j , L2n−k⟩w. (26)
We analyze separately the Laguerre and Hermite cases. Without loss of generality we can
assume that n > 2m.
• Laguerre case (Ln = Lαn , ∆ = R+ and dw(x) = xαe−x dx). From [13, (III.4.9) and (I.2.9)]
we have the connection formula
Lαn−k(z) =
k+ j
ν=k

j
ν − k

(n − k)!
(n − ν)! L
α+ j
n−ν (z),
then from (8) and the orthogonality
⟨x j , Lαn−k2⟩L = k+ j
ν=k

j
ν − k

(n − k)!
(n − ν)!
 
Lα+ jn−ν (x)
2
xα+ j e−x dx,
=
k+ j
ν=k

j
ν − k

(n − k)!Γ (n − ν + j + α + 1),
≤ 2 j (n − k)!Γ (n − k + j + α + 1),
and
m
j=0
⟨x j , L2n−k⟩w ≤ (n − k)!
m
j=0
2 jΓ (n − k + j + α + 1),
≤ (2m+1 − 1)(n − k)!Γ (n − k + m + α + 1).
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Hence, from (26), (8) and n large enough
|bn,n−k | ≤ ρ+(2
m+1 − 1)
|ρm |

(n − m)!Γ (n + α + 1)Γ (n + m − k + α + 1)
(n − k)!Γ 2(n − k + α + 1) ,
≤ ρ+(2
m+1 − 1)
|ρm |

(n + α)k+m
(n − m)m−k ≤
ρ+2m(2m+1 − 1)
|ρm | n
k .
• Hermite case (Ln = Hn, ∆ = R and dw(x) = e−x2dx). By the symmetry property of the
Hermite polynomials, if ν is an odd number
xν H2n−k(x)dw(x) = 0.
Hence, from (26)
|bn,n−k | ≤ ρ+|ρm | ∥Hn−k∥2w
⌊m2 ⌋
j=0
∥x j Hn−m∥2w
⌊m2 ⌋
j=0
∥x j Hn−k∥2w,
where for all x ∈ R, the symbol ⌊x⌋ denotes the largest integer less than or equal to x . As it is
well known (cf. [18, (5.5.6) and (5.5.8)]), the Hermite polynomials satisfy the recurrence relation
zHn(z) = Hn+1(z)+ n2 Hn−1(z), from which we get by induction on j
z j Hn(z) =
j
ν=0
σ j,ν(n)Hn+ j−2ν(z), (27)
where σ j,ν(n) is a polynomial in n of degree equal to ν and leading coefficient 2−ν
 j
v

(i.e. σ j,ν(n) = 2−ν
 j
v

nν + · · · ). Hence, from (8), for n large enough
∥x j Hn−k∥2w =
j
ν=0
σ 2j,ν(n − k)∥Hn−k+ j−2ν∥2w,
≤
√
π (n − k − j)!
2n−k+ j

j
ν=0
22νσ 2j,ν(n − k)(n − k + j)2 j−2ν

,
≤ 2
√
π (n − k − j)!(n − k)2 j
2n−k

2 j
j

with j = 0, 1, . . . , m2 , therefore
|bn,n−k | ≤ ρ+ 2
n−k
√
π |ρm | (n − k)!
⌊m2 ⌋
j=0
∥x j Hn−m∥2w
⌊m2 ⌋
j=0
∥x j Hn−k∥2w
≤ 2m!ρ+|ρm |
⌊m2 ⌋
j=0
(n − m)2 j (n − m − j)!
(n − k)!
⌊m2 ⌋
j=0
(n − k)2 j (n − k − j)!
(n − k)!
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≤ 2m!ρ+|ρm |
⌊m2 ⌋
j=0
(n − m)2 j
(n − m − j)m+ j−k
⌊m2 ⌋
j=0
(n − k)2 j
(n − m − j) j
≤ 2m!ρ+|ρm |

8m(n − k)−⌊m2 ⌋

2m(n − k)⌊m2 ⌋ nk = 8m(m)!ρ+|ρm | n
k . 
3. The polynomial Qn
In this section we prove asymptotic properties of the normalized monic orthogonal polynomi-
als with respect to a Laguerre or Hermite differential operator. We recall that as in Section 1, ∆c
denotes the interval [0, 1] in the Laguerre case and [−1, 1] in the Hermite case, and the sequence
of real numbers {cn}∞n=1 is given by (13). Set Ln,ν(z) = c−νn Lν(cnz);Ln(z) ≡ Ln,n(z) and
Pn,ν(z) = c−νn Pν(cnz);Pn(z) ≡ Pn,n(z).
We prove now some preliminary lemmas.
Lemma 6. Let m ∈ N, µ ∈ Pm(∆) and ζ such that Qn(ζ ) = 0. Then for all n sufficiently large
dc(ζ ) < 2ϖc, where
ϖc =

1+ 2−1 C Lρ Laguerre case,
1+√2 C Hρ Hermite case,
dc(z) = minx∈∆c |z − x |, and C Lρ and C Hρ are the same constants of Proposition 5.
Proof. For each fixed n > m, we have that
x−nn Qn(xnz) = m
k=0
λn bn,n−k
xknλn−k
x−n+kn Ln−k(xnz),
where xn is the zero of the largest modulus of Ln . It follows that the smallest interval containing
the zeros of {x−kn Lk(xnz)}nk=0 is ∆c. Hence, if ζ is such that Qn(xnζ ) = 0, from [15, Coroll. 1],
Proposition 5, (13) and (12) we have,
dc(ζ ) ≤ 1+ max
1≤k≤m
λn bn,n−kxknλn−k
 < 1+ 2 max1≤k≤m
bn,n−kxkn
 ≤ ϖc, (28)
where
ϖc =

1+ 2−1 C Lρ Laguerre case,
1+√2 C Hρ Hermite case.
Notice that Qn  xncn z = c−nn Qn(xnz); therefore, if ζ is such that Qn(xnζ ) = 0 then ζ ∗ = xncn ζ
is such that Qn(ζ ∗) = 0. From (12) and (13) we have that for n large,  xncn  < 2. Using now (28)
we obtain the lemma. 
If {Πn}∞n=0 is a sequence of orthogonal polynomials with respect to either the measures µ or
w we denote by {tn}∞n=0 the sequence of monic normalized polynomials, that is,
tn(z) = c−nn Πn(cnz) and tn,ν(z) = c−νn Πν(cnz). (29)
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From the interlacing property of the zeros of consecutive orthogonal polynomials, if K is a
compact subset of C \∆c it follows that there exist a constant M∗ such that for n large enough tn,n−k(z)tn(z)
 < Mk ≤ M∗, k = 1, . . . ,m, (30)
uniformly on z ∈ K , where Mk = 2 sup z∈K
x∈∆c
|z − x |−k , M∗ = max{M1, . . . , Mm}.
The following lemma is needed to study the modulus of the sequence

Pn
Ln
∞
n=0.
Lemma 7. Suppose that m ∈ N is fixed, and K ⊂ C \ ∆c a compact subset. Then, for n
sufficiently large

cn+m
cn
n tn(z)
tn(
cn+m
cn
z)
 < 3 2md , n > n0, ∀z ∈ K , (31)
where d = inf z∈K
x∈∆c
|z − x | and tn as in (29).
Proof. Let us define the monic polynomial t∗n(z) =

cn
cn+m
n
tn

cn+m
cn
z

. We have that (31) is
equivalent to proving that tn(z)t∗n(z)
 ≤ 3 2md , n > n0, ∀z ∈ K .
If {z∗k,n}nk=1, {zk,n}nk=1 denotes the zeros of the polynomials t∗n , tn respectively, we have the rela-
tion z∗k,n = cncn+m zk,n, k = 1, . . . , n. If we denote kn = cncn+m , we have, for all n sufficiently large tn(z)t∗n(z)
 ≤
 n
k=1

1+ (kn − 1)zk,n
z − knzk,n
 ≤ n
k=1

1+ |kn − 1|
 zk,nz − knzk,n

≤
n
k=1

1+ 2|kn − 1|
d

≤

1+ 2|kn − 1|
d
n
< 3
2n|kn−1|
d ≤ 3 2md , (32)
where d = inf z∈K
x∈∆c
|z − x |. 
We prove now that the modulus of the sequence

Pn
Ln
∞
n=0 is uniformly bounded from above
and below in the interior of C \∆c.
Lemma 8. Let µ ∈ Pm(∆), where m ∈ N and K ⊂ C \ ∆c a compact subset. Then, for all n
sufficiently large there exists a constant C∗ such thatPn(z)Ln(z)
 ≤ C∗, n > n0, ∀z ∈ K .
Proof. From Relation (7) we deduce that Pn(z)Ln(z) = 1 +
m
k=1
bn,n−k
ckn
Ln,n−k (z)
Ln(z)
. Hence, from
Proposition 5, and Lemma 7 we deduce that for n large enoughPn(z)Ln(z)
 ≤ 1+ m
k=1
Cρ
Ln,n−k(z)Ln(z)
 , (33)
Using (33) and (30) we deduce the lemma. 
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Lemma 9. Let µ ∈ Pm(∆), where m ∈ N and K ⊂ C \∆c is a compact subset. Then, for all n
sufficiently large there exists a constant C such that
C ≤
Pn(z)Ln(z)
 , n > n0, ∀z ∈ K .
Proof. We have that ρ(z)Ln(z) =mk=0 bn,n−k Pn+m−k(z), where
bn,n−k =

Ln(x)Pn+m−k (x)ρ(x)dµ(x)
∥Pn+m−k (x)∥2µ , or equivalently,
ρ(cn+m z)
cmn+m

cn
cn+m
n Ln( cn+mcn z)
Ln(z)
Ln(z)
Pn+m(z)
=
m
k=0
bn,n−k
ckn+m
Pn+m,n+m−k(z)
Pn+m(z)
. (34)
From the Cauchy Schwartz inequality we have that
|bn,n−k | ≤

L2n(x)dw(x)
1/2
(

P2n+m−k(x)dw(x))1/2
∥Pn+m−k∥2µ
= ∥Ln∥w∥Pn+m−k∥w∥Pn+m−k∥2µ
.
Using an infinite–finite range inequality for the case in which w is a Laguerre weight, cf. [14],
we have that there exists a constant kL such that for all n large enough
kL
nm
 ∞
0
L2n(x)dw(x) ≤
k0,L
(4n)m
 ∞
0
P2n (x)dw(x) ≤
1
ρ+(4n)m
 4n
0
P2n (x)dw(x)
≤
 ∞
0
P2n (x)dµ(x),
where ρ+ = max0≤ j≤m |ρ j |. Analogously, for the case of an Hermite weight, for all n large
enough, we have that there exists a constant kH such that
kH
nm/2
 ∞
−∞
L2n(x)dw(x) ≤
k0,H
(2n)m/2
 ∞
−∞
P2n (x)dw(x) ≤
1
ρ+(2n)m/2
 √2n
−√2n
P2n (x)dw(x)
≤
 ∞
−∞
P2n (x)dµ(x).
Hence, for all n large enough
∥Pn∥2µ ≥ kLn−m∥Ln∥2w, Laguerre case, (35)
∥Pn∥2µ ≥ kH n−m/2∥Ln∥2w, Hermite case.
From (7) and Proposition 5 we deduce that for n large enough, there exists a constant k1 such
that
∥Pn∥w ≤ k1∥Ln∥w. (36)
Inequalities (35) and (36) give us that there exists a constant M∗ such that for all n large enough
|bn,n−k |
ckn+m
≤ M∗, 1 ≤ k ≤ m. (37)
From (30) it follows that there exists a constant M∗ such that for all z ∈ KPn+m,n+m−k(z)Pn+m(z)
 < M∗, k = 1, . . . ,m. (38)
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Using Lemma 7, (34), (37) and (38) we obtainρ(cn+m z)cmn+m
  Ln(z)Pn+m(z)
 ≤ 3 2md 1+ m M∗ M∗ , (39)
with d as in Lemma 7. Hence, from (30), (38), (39) and Lemma 7 we obtain that for all n
sufficiently large there exists M > 0 such thatρ(cn+m z)cmn+m
  Ln(z)Pn(z)
 ≤ M, ∀z ∈ K . (40)
Let us denote by {zk}mk=1 the roots of the polynomial ρ, and d∗ = infz∈K |z|. Let us choose ε
so that for n large enough
 zkcn+m  < ε < d∗, k = 1, . . . ,m. Hence,

d∗ − εm ≤ m
k=1

|z| −
 zkcn+m
 ≤ m
k=1
z − zkcn+m
 = ρ(cn+m z)cmn+m
 . (41)
Therefore, from (40) and (41), for all n large enough we have that Ln(z)Pn(z)
 ≤ M(d∗ − ε)m , ∀z ∈ K ,
and this proves the lemma. 
Lemma 10. Let µ ∈ Pm(∆), where m ∈ N and K ⊂ C \∆c is a compact subset. Then, Qn(z)Ln(z) − Pn(z)Ln(z)
⇒ 0, ∀z ∈ K .
Proof. For each fixed n > m, we have thatQn(z)−Pn(z)
Ln(z)
=
m
k=0

λn
λn−k
− 1

bn,n−k
ckn
Ln,n−k(z)
Ln(z)
. (42)
As λn = −n in the Laguerre case and λn = −2n in the Hermite case, then for each k fixed,
k = 1, . . . ,m,
lim
n→∞
λn
λn−k
= 1. (43)
From (30), (42), (43) and Proposition 5 we deduce the lemma. 
Proof (Theorem 1). (a) From [18, (5.1.14), (5.5.10)] we have that L′n,n−k = (n − k)Ln,n−1−k ,
where
Ln,n−1−k = c−(n−1−k)n Lα+1n−1−k(cnz), Laguerre case,
c−(n−1−k)n Hn−1−k(cnz), Hermite case.
Let us define
dw(x) = dwα+1L (x), Laguerre case,
dwH (x), Hermite case.
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dwn(x) =

c−1n dwαL(cn x), Laguerre case,
c−1n dwH (cn x), Hermite case.
dwn(x) = c−1n dwα+1L (cn x), Laguerre case,c−1n dwH (cn x), Hermite case.
Notice that {Ln,n−k}nk=0 and {Ln,n−k}nk=0 are monic orthogonal polynomials with respect
to wn,wn respectively, hence, from [8, (11)], we have that the sequences {Ln,n−k}∞n=0 and
{Ln,n−k}∞n=0 for every k = 0, . . . ,m satisfy that
lim
n→∞ ∥wnLn,n−k∥
1/n
L2(∆)
= e−Fw , lim
n→∞ ∥wnLn,n−k∥1/nL2(∆) = e−Fw , (44)
where Fw is the modified Robin constant for the weights w,w (or the extremal constant
according to the terminology of [8]) and ∥.∥L2(∆) denotes the L2-norm with the Lebesgue
measure with support on ∆.
From [9, Ths. 1 & 2] we have that
∥wnLn,n−k∥L∞(∆) ≤ K1nβ∥wnLn,n−k∥L2(∆), (45)
∥wnLn,n−k∥L∞(∆) ≤ K2nβ∥wnLn,n−k∥L2(∆),
where K1, K2 are constants that do not depend on n, β = 1/2 for the Laguerre case, and β = 1/4
for the Hermite case. Using (44), (45), and [8, (11)] we obtain that
lim
n→∞ ∥wnLn,n−k∥
1/n
L∞(∆) = e−Fw , limn→∞ ∥wnLn,n−k∥1/nL∞(∆) = e−Fw . (46)
Then we have
∥wnQn∥L∞(∆) ≤ m
k=0
λn bn,n−kcknλn−k
 ∥wnLn,n−k∥L∞(∆)
≤
 (m + 1)λn bn,n−k∗(n)ck∗(n)n λn−k∗(n)
 ∥wnLn,n−k∗(n)∥L∞(∆),
and
∥wnQ′n∥L∞(∆) ≤ m
k=0
 (n − k)λn bn,n−kcknλn−k
 ∥wnLn,n−1−k∥L∞(∆)
≤
 (m + 1)(n − k∗∗(n))λn bn,n−k∗∗(n)ck∗∗(n)n λn−k∗∗(n)
 ∥wnLn,n−1−k∗∗(n)∥L∞(∆),
where ∥.∥L∞(∆) denotes the sup norm and k∗(n), k∗∗(n) denote positive integer numbers such
that the following equalities hold λn bn,n−k∗(n)ck∗(n)n λn−k∗(n)
 ∥wnLn,n−k∥L∞(∆) = maxk=0,...,m
λn bn,n−kcknλn−k
 ∥wnLn,n−k∥L∞(∆), (n − k∗∗(n))λn bn,n−k∗∗(n)ck∗∗(n)n λn−k∗∗(n)
 ∥wnLn,n−1−k∗∗(n)∥L∞(∆)
= max
k=0,...,m
 (n − k)λn bn,n−kcknλn−k
 ∥wnLn,n−k∥L∞(∆).
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From these last inequalities and (46) we deduce that
lim
n→∞
∥wnQn∥L∞(∆)1/n = e−Fw , limn→∞ ∥wnQ′n∥L∞(∆)1/n = e−Fw .
Therefore, if νn, δn denote the root counting measure of Qn and Q′n respectively, from [5, Th.
1.1] we deduce that νn
∗−→ νw, δn ∗−→ νw in the weak star sense.
(b) From Lemma 9, if ε is sufficiently small and K ⊂ C \ ∆c is a compact subset, for all n
sufficiently large we have that, for some positive constant C ,
C − ε ≤
Pn(z)Ln(z)
− ε ≤
 Qn(z)Ln(z)
 .
From this fact and from Lemma 6 we deduce that the set of accumulation points is contained
on ∆c and from (a) of the present theorem we deduce that the set of accumulation points of the
zeros of Qn is ∆c. 
Proof (Theorem 2). From (b) of Theorem 1 we deduce that for the Laguerre case
lim
n→∞
Q′n(cnz)Qn(cnz) = limn→∞
Q′′n(cnz)Q′n(cnz) = 12π
 1
0
1
z − t

1− t
t
dt = 1
2

1−1− 1/z ,
and for the Hermite case
lim
n→∞
Q′n(cnz)
cn Qn(cnz) = limn→∞
Q′′n(cnz)
cn Q′n(cnz) = 1π
 1
−1
√
1− t2
z − t dt = z

1−

1− 1/z2

,
on compact subsets K ⊂ C \∆c. From (6) and the preceding relations we have for the Laguerre
case
Pn(cnz)Qn(cnz) = zcnλn
Q′′n(cnz)Q′n(cnz)
Q′n(cnz)Qn(cnz) +

1+ α − cnz
λn
 Q′n(cnz)Qn(cnz) , (47)
and for the Hermite case
Pn(cnz)Qn(cnz) = 12 1λn
Q′′n(cnz)Q′n(cnz)
Q′n(cnz)Qn(cnz) −

cnz
λn
 Q′n(cnz)Qn(cnz) . (48)
Taking limits in (47) and (48) we obtain (16). Relation (17) follows from (14) and (16). 
4. The polynomialQn
Some basic properties of the zeros of Qn follow directly from (1) and (2). For example, the
multiplicity of the zeros of Qn is at most 3, a zero of multiplicity 3 is also a zero of Pn and a
zero of multiplicity 2 is a critical point of Qn . In the next lemma we prove conditions for the
boundedness of the zeros of Qn and determine their asymptotic behavior.
Lemma 11. Let µ ∈ Pm(∆), where m ∈ N and define for z ∈ C, D(z) = supx∈∆c |z − x |. If{ζn}∞n=m+1 is a sequence of complex numbers with limit ζ ∈ C, then for every d > 1 there is a
positive number Nd , such that {z ∈ C : Qn(z) = 0} ⊂ {z ∈ C : |z| ≤ D(ζ ) + d} whenever
n > Nd .
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Proof. As Qn(z) = 0 then Qn(z) = Qn(ζn). From the Gauss–Lucas theorem (cf. [16, Sec-
tion 2.1.3]), it is known that the critical points of Qn are in the convex hull of its zeros and from
(b) of Theorem 1 the zeros of the polynomials {Qn}∞n=m+1 accumulate on ∆c. Hence, from the
bisector theorem (see [16, Section 5.5.7]) |z| ≤ D(ζn)+ 1 and the lemma is established. 
We are now ready to prove Theorem 3.
Proof (Theorem 3). From Lemma 11 we have that the zeros of Qn are located in a compact set.
From (15) the zeros of Qn satisfy the equationQn(z) 1n = Qn(ζn) 1n . (49)
If z ∈ C \ ∆c, taking limit when n → ∞, from Lemma 11, and using (17) of Theorem 2
on both sides of (49), we have that the zeros of the sequence of polynomials {Qn}∞n=m+1 cannot
accumulate outside the set
{z ∈ C : Ψ(z) = Ψ(ζ )}

∆c.
To verify the second statement of the theorem, note that if z is a zero of Qn , from (15) we get
n
k=1
 z −xn,kζn −xn,k
 = 1, wherexn,k are the zeros of Qn . (50)
Let Vε(∆c) be the ε-neighborhood of ∆c defined as Vε(∆c) = {z ∈ C : d(z) < ϵ}, as
limn→∞ ζn = ζ , then for all ε > 0 there is a Nε > 0 such that |d(ζn) − d(ζ )| < ε whenever
n > Nε.
If d(ζ ) > 2, let us choose ε = εζ = 12 (d(ζ )− 2) and suppose that there is a z0 ∈ Vεζ (∆c)
such that Qn(z0) = 0 for some n > Nεζ . Hence
n
k=1
 z0 −xn,kζn −xn,k
 < 2+ εζd(ζn)
n
< 1, (51)
which is a contradiction with (50), hence {z ∈ C : Qn(z) = 0}Vεn (∆c) = ∅ for all n > Nεζ ,
i.e. the zeros of Qn cannot accumulate on Vεζ (∆c).
From (15) it is straightforward that a multiple zero of Qn is also a critical point of Qn . But,
from (b) of Theorem 1 and the Gauss–Lucas theorem the set of accumulation points of Qn is∆c,
where we have that for n sufficiently large the zeros of Qn are simple. 
Proof (Theorem 4). 1. Let us prove first that
Qn(z)Qn(z) = 1−
Qn(ζn)Qn(z) ⇒n→∞ 1, (52)
uniformly on compact subsets K of the set {z ∈ C : |Ψ(z)| > |Ψ(ζ )|}. In order to prove (52) it
is sufficient to show thatQn(ζn)Qn(z) ⇒n→∞ 0, (53)
uniformly on K .
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From [7] and Lemmas 8, 9, we have that for all n large enough it is possible to find constants
c∗, c such that
c∗ ≤
Pn(z)Ψn(z)
 ≤ c, (54)
uniformly on compact subsets of C \∆c. Then we have Qn(ζn)Qn(z)
 =
 Qn(ζn)Pn(ζn)

Pn(z)Qn(z)
 Pn(ζn)Ψn(ζn)
 Ψn(z)Pn(z)
 Ψ(ζn)Ψ(z)
n .
From (16) of Theorem 2 and (54) the first four factors on the right hand side of the previous
formula are bounded; meanwhile, the last factor tends to 0 when n → ∞, and we get (53).
Finally, the assertion 1 is straightforward from (16) of Theorem 2.
2. For the assertion 2 of the theorem it is sufficient to prove that
Qn(z)Qn(ζn) =
Qn(z)Qn(ζn) − 1 ⇒n→∞ −1, (55)
uniformly on compact subsets K of the set {z ∈ C : |Ψ(z)| < |Ψ(ζ )|} \∆c. Note thatQn(z)Qn(ζn) =
Qn(z)
Pn(z)
Pn(ζn)Qn(ζn) Pn(z)Ψn(z) Ψ
n(ζn)
Pn(ζn)

Ψ(z)
Ψ(ζn)
n
.
Now, the first part of the assertion 2 is straightforward from (16) of Theorem 2 and (54).
If d(ζ ) > 2, let Vε(∆c) = {z ∈ C : d(z) < ϵ} be a ε-neighborhood of ∆c, where
ε = εζ = d(ζ )2 − 1. By the same reasoning used to deduce (51) we get that Qn(z)Qn(ζn)
 < κn, for all z ∈ Vε(∆c), κ < 1. (56)
Hence from the first part of the assertion 2 and (56) we get the second part of the assertion 2. 
5. A fluid dynamics model
In this section we show a hydrodynamical model for the zeros of the orthogonal polynomials
with respect to the pair (L, µ). In [4], we gave a hydrodynamic interpretation for the critical
points of orthogonal polynomials with respect to a Jacobi differential operator.
Let us consider a flow of an incompressible fluid in the complex plane, due to a system of n
different points (n > 1) fixed at wi , 1 ≤ i ≤ n. At each point wi of the system there is defined
a complex potential Vi , which for the Laguerre case equals to the sum of a source (sink) with a
fixed strength ℜ[ci ] plus a vortex with a fixed strength ℑ[ci ] plus a uniform stream Ui at infinity.
Here ci and di are fixed complex numbers which depend on the position of the remaining points
{wi }ni=1, see [10, Ch. VIII] for the terminology. We shall call n system to the set of the n points
fixed at wi with its respective potential of velocities.
Define the functions
fi (w1, . . . , wn) = R
′′
n (wi )
R′n(wi )
, i = 1, . . . , n where Rn(z) =
n
i=1
(z − wi ).
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The complex potentials VL (Laguerre case) or VH (Hermite case) at any point z (see [6, Ch.
10]), by the principle of superposition of solutions, are given by
VL(z) =
n
i=1
VL ,i =
n
i=1
(−z + (1+ α − wi ) log(z − wi )
+ (z + wi log(z − wi )) fi (w1, . . . , wn)) , (57)
and
VH (z) =
n
i=1
VH,i =
n
i=1

−z + 1
2
( fi (w1, . . . , wn)− 2wi ) log(z − wi )

. (58)
From a complex potential V , a complex velocity V can be derived by differentiation (V(z) =
dV
dz ). A standard problem associated with the complex velocity is to find the zeros, that corre-
spond to the set of stagnation points, i.e. points where the fluid has zero velocity.
We are interested in the problem: Build an n system (location of the points w1, . . . , wn) such
that the stagnation points are at preassigned points with nice properties. As it is well known, the
zeros of the orthogonal polynomials with respect to a finite positive Borel measures on R have a
rich set of nice properties (cf. in [18, Ch. VI]), and will be taken as preassigned stagnation points.
Here we consider µ ∈ P1[R+] or µ ∈ P2[R]. In the next paragraph we establish the statement
of the problem for both Laguerre and Hermite cases.
Problem. Let {x1, . . . , xn} be the set of zeros of the nth orthogonal polynomial Pn (n > 1 for the
Laguerre case and n > 2 for the Hermite) with respect to a measure µ ∈ P1[R+] or µ ∈ P2[R].
Suppose a flow is given, with complex potential VL (Laguerre case) or VH (Hermite). Build an
n system (location of the points w1, . . . , wn) such that the stagnation points are attained at the
points z = xi , with i = 1, 2, . . . , n.
Consider first the Laguerre case. If xk (k = 1, . . . , n.) are stagnation points then
∂VL
∂z
(xk) = (1+ α − xk)
n
i=1
1
xk − wi + xk
n
i=1
R′′n (wi )
R′n(wi )(xk − wi )
= 0. (59)
We are looking for a solution Rn(z) = ni=1(z − wi ), with wi ≠ w j ≠ xk,∀i, j, k, i ≠ j ,
such that (59) holds. This assumption implies that the sum in the second term of the left hand side
of expression (59) is the partial-fraction decomposition of R
′′
n
Rn
evaluated at x = xk . Therefore,
(59) is equivalent to
xk R
′′
n (xk)+ (1+ α − xk)R′n(xk) = 0, k = 1, 2, . . . , n.
Note that x R′′n (x) + (1 + α − x)R′n(x) is a polynomial of degree n, with leading coefficient
λn that vanishes at the zeros of Pn , i.e.
x R′′n (x)+ (1+ α − x)R′n(x) = λn Pn(x). (60)
Observe that expression (60) is equivalent to (6). From Proposition 4, the zeros of Qn, Q′n
are real, simple and Q′n(xk) ≠ 0. Therefore, Rn = Qn is a solution. Hence, an answer to our
problem yields the n points as the n zeros of the polynomial Qn .
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For the Hermite case we have a similar situation. Thus, if xk is a stagnation point,
∂VH
∂z (xk) =
0, which gives
xk
n
i=1
1
xk − wi −
1
2
n
i=1
R′′n (wi )
R′n(wi )(xk − wi )
= 0, k = 1, 2, . . . , n. (61)
Again, we can deduce that the expression (61) equals to 12 R
′′
n (xk) − xk R′n(xk) = 0, for
k = 1, . . . , n.
Note that 12 R
′′
n (x) − x R′n(x) is a polynomial of degree n, with leading coefficient λn that
vanishes at the zeros of Pn , i.e.
1
2
R′′n (x)− x R′n(x) = λn Pn(x). (62)
Therefore, the expression (62) is equivalent to (6). From Proposition 4, the zeros of Qn, Q′n
are real and simple and Q′n(xk) ≠ 0, which implies that Rn = Qn is a solution to our problem.
As a conclusion,
Answer. The flow of an incompressible two-dimensional fluid, due to n points with complex
potential VL or VH , located at the zeros of the nth orthogonal polynomial Qn with respect to
(L, µ), with µ ∈ P1[R+] or µ ∈ P2[R] has its n stagnation points at the n zeros of the nth
orthogonal polynomial Qn .
It would be interesting to consider the uniqueness of the solution obtained. In other words,
what could be said about the solutions of the form Qn(z) = Qn(z) − Qn(ζn) and to extend
this model to more general classes of measures µ. It would be also of interest to decide if these
stagnation or equilibrium points are stable.
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